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Abstract

Infinite horizontal fluid layer is considered between the top and bottom walls. Either top or bottom wall temperature is sinusoidally
oscillated in terms of the constant average temperature in an opposing horizontal wall. This is the system with no temperature difference
between the top and bottom walls in time-averaged sense, as studied by Kalabin et al. for a square channel. The fluid is Newtonian and
Boussinesq approximation is made. The fluid layer of height 1 versus the horizontal width 1 or 4 is adopted and numerical computations
are carried out for Pr = 1. The time-averaged Nusselt numbers computed both at top and bottom walls give the upward time-averaged
heat flux without depending on the temperature oscillation either at the upper or lower walls. This is because the time-dependent con-
vection plumes occur at the almost largest temperature of the bottom wall in comparison to the top wall. The time-averaged heat flux is
always positive, i.e., upward, even if the time-averaged temperature difference is zero between the top and bottom walls.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The Rayleigh–Benard convection of horizontal fluid
layer has been studied for many years. This fluid layer is
heated from bottom wall at high temperature and cooled
from top wall at low temperature. The heat flux increases
from that of conduction to that of convection at the tem-
perature difference greater than that at the critical Rayleigh
number of 1708. On the other hand, oscillating tempera-
ture boundary condition has been studied for various sys-
tems with possible application for meteorological
environment, architectural room comfort with oscillatory
outside temperature, geothermal systems, etc. Some of
them can be found in the literature on the meteorological
system primarily [1–4]. More recently resonance natural
convection has been studied for sinusoidal temperature
oscillation from a wall [5–8]. These are all for the fluid or
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porous layer heated from one wall and cooled from other
wall with temperature oscillation and with temperature dif-
ference between two walls in time-averaged sense. How-
ever, recently Kalabin et al. [9] studied the convection of
fluid in a square enclosure with oscillating temperature
on one side wall with the constant average temperature
on the opposing side wall. The enclosure is inclined with
keeping the third dimension horizontal with presuming
two-dimensional flow. They found the time-averaged heat
flux is one direction only even if the time-averaged temper-
ature difference between the two opposing side walls is
zero. They also found the maximum heat flux at the incli-
nation angle between the wall of oscillating temperature
and the vertical gravity direction is 54� at the oscillating
frequency of 20p for peak value of the Grashof number
Gr = 2 � 105 and 3 � 105. They attributed this result to
the convection dominance for the time heated from below
and conduction dominance for the time cooled from below.
Since their result is rather eminent on the control of heat
flux in natural convection, we have tried to study further
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Nomenclature

f dimensionless oscillation frequency, xh2/m
Gr Grashof number, gbT1h3/m2

h distance between the horizontal two walls, m
k thermal conductivity, W/(m K)
l width of a roll cell area, m
n internal iteration number
NuL local Nusselt number, Eq. (7)
Nubottom average Nusselt number computed over a bot-

tom wall, Eq. (8)
Nuleft average Nu computed over a left-hand side wall
Nuright average Nu computed over a right-hand side

wall
Nutop average Nu computed over a top wall, Eq. (8)
Nu time-averaged Nusselt number, Eq. (9)
p0 a static state pressure, N/m2

p0 perturbed pressure from p0, N/m2

P dimensionless pressure, p0h2/(qm2)
Pr Prandtl number, m/a
T0 constant average temperature, K
T1 temperature amplitude in oscillation, K
U velocity vector

U,V dimensionless velocity components along X- and
Y-axes, respectively

u,v velocity components along x- and y-axes,
respectively, m/s

X,Y dimensionless Cartesian coordinates, (x,y)/h
x,y Cartesian coordinates, m

Greek symbols

a thermal diffusivity of fluid, m2/s
b volumetric coefficient of expansion, 1/K
e convergence criterion constant
h dimensionless temperature, (T � T0)/T1

m kinematic viscosity of fluid, m2/s
q density of fluid, kg/m3

s dimensionless time, tm/h2

sp dimensionless period of oscillation
x oscillation frequency, 1/s

Superscript

— time-averaged value

Fig. 1. Schematics of the system considered. (a) A roll cell between infinite
horizontal flat walls. (b) Case 1. The top wall temperature is oscillated
with T0 + T1sinxt, (h = sin fs in dimensionless temperature) and the
bottom wall temperature is kept at T0 constant (h = 0). (c) Case 2. The top
wall temperature is kept at T0 constant (h = 0) and the bottom wall
temperature is oscillated with T0 + T1sinxt, (h = sin fs).
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on this issue for a classical Rayleigh–Benard type configu-
ration as reported herein.

The oscillatory temperature on the bottom wall may be
one of the models for the oscillating temperature of outside
environment in comparison to the room temperature. Then
we would like to study the simplest system of the temperature
oscillation of the bottom wall in contrast to the constant tem-
perature top wall in the time-averaged sense, or vice versa.

2. Model systems

Fig. 1 shows the schematics of the systems considered
herein. Fig. 1(a) shows an infinite horizontal fluid layer in
which two-dimensional roll cell is considered with height
h and width l. In the present report, we studied both
l = h and l = 4h. Fig. 1(b) shows thermal boundary condi-
tion of Case 1 for which the top wall is kept at oscillatory
temperature T0 + T1sinxt (h = sin fs in dimensionless vari-
ables) and the bottom wall temperature is kept at constant
temperature T0 (h = 0). Fig. 1(c) shows Case 2 for which
the top wall temperature is kept at T0 (h = 0) and the bot-
tom wall temperature T0 + T1sinxt (h = sin fs).

The basic dimensionless governing equations for fluid
consist of equation of continuity, momentum equations in
the X- and Y-coordinates and energy equation as follows:

r �U ¼ 0; ð1Þ
DU

Ds
¼ �rP þr2Uþ Grh; ð2Þ

Dh
Ds
¼ 1

Pr
r2h: ð3Þ
Dimensionless initial and boundary conditions are as
follows:

U ¼ V ¼ h ¼ 0 at s ¼ 0

U ¼ oV
oX
¼ 0;

oh
oX
¼ 0 at X ¼ 0; 1



Fig. 2. Transient responses of the average Nusselt numbers for Case 1 at
Gr = 4 � 104, Pr = 1, f = 5p, sp = 0.4. (a) Nutop; (b) Nubottom.
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Case 1 : U ¼ V ¼ h ¼ 0 at Y ¼ 0 ð4Þ
U ¼ V ¼ 0; h ¼ sin f s at Y ¼ 1

Case 2 : U ¼ V ¼ 0; h ¼ sin f s at Y ¼ 0

U ¼ V ¼ h ¼ 0 at Y ¼ 1:

The computation of the average Nusselt number needs
some consideration, since the reference conduction state
is not defined. For Case 1, we choose the reference conduc-
tion heat flux at the maximum temperature difference
heated from below. This means the minimum temperature
T0 � T1 at the top wall and T0 at the bottom wall are cho-
sen. Then conduction heat flux can be given as follows:

qref ¼ k½T 0 � ðT 0 � T 1Þ�=h ¼ kT 1=h ð5Þ
For Case 2, the maximum temperature T0 + T1 is chosen
for bottom wall and T0 at the top wall and we get the ref-
erence conduction heat flux as follows:

qref ¼ k½ðT 0 þ T 1Þ � T 0�=h ¼ kT 1=h: ð6Þ
Then the reference heat flux is the same for two cases and
we can compute the local Nusselt number as follows:

NuL ¼ qconv=qref ¼ ð�koT=oyÞ=ðkT 1=hÞ ¼ �oh=oY : ð7Þ
Then we can compute the average Nusselt number (geo-
metrically averaged) as follows:

Nubottom ¼ �
h
l

Z l
h

0

oh
oY

����
Y¼0

dX ;

Nutop ¼ �
h
l

Z l
h

0

oh
oY

����
Y¼1

dX : ð8Þ

The time-averaged Nusselt number is given by

Nubottom ¼ �
f
2p
� h

l

Z 2p=f

0

Z l=h

0

oh
oY

����
Y¼0

dX ds;

Nutop ¼ �
f
2p
� h

l

Z 2p=f

0

Z l=h

0

oh
oY

����
Y¼1

dX ds: ð9Þ

This definition agrees with that by Kalabin et al.

3. Computed results

3.1. The case of fluid layer 1:1

The above dimensionless equations are approximated
with finite difference equations for a staggered, non-uni-
form grid system and solved with SIMPLER [10] algorithm
numerically. The computational parameters are arbitrarily
taken as Gr = 4 � 104, Pr = 1, dimensionless oscillating
frequency f = 5p and the dimensionless oscillatory period
sp = 2p/f = 0.4. Grids are 51 � 51 and Ds = 1 � 10�4.
Numerical convergence is presumed at each time instant
when the following conditions are satisfied for U, V and
h shown as u in the next equation where e = 10�5 and n

is internal iteration number

P
i;j unþ1

i;j � un
i;j

���
���P

i;j unþ1
i;j

�� �� 6 e: ð10Þ
Numerical iterations should be continued until the standing
oscillation are obtained after 5–10 periods with oscillating
period sp = 2p/f. Numerical computations are successfully
carried out and the standing oscillatory temperature and
flow field are obtained.

In Fig. 2(a), the oscillatory temperature of the top wall is
indicated with the dashed line for Case 1 with sinusoidal
temperature oscillation on the top wall with the constant
average temperature on the bottom wall. Fig. 2(a) also
shows transient response of the average Nusselt number,
Nutop, and it is shown with the solid line. Fig. 2(b) shows
the average Nusselt number at the bottom wall, Nubottom.
The oscillation period of the Nutop is the same as that of
the top wall temperature oscillation but the Nusselt num-
ber at the top wall has a peculiar sharp peak in each cycle.
This peak occurs nearly at the time of the coldest temper-
ature of the top wall. Otherwise, the response curve takes
almost similar magnitude in positive and negative values.

In Fig. 2(b), Nubottom, shows oscillatory response but is
different from that of Nutop in its shape. Furthermore,
Nubottom is positive at the most of time to suggest that the



Fig. 4. Transient responses of the average Nusselt numbers for Case 2 at
Gr = 4 � 104, Pr = 1, f = 5p, sp = 0.4. (a) Nutop; (b) Nubottom.
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total net heat flux is positive. Then, the time-averaged Nus-
selt number Nu is computed to have Nutop ¼ Nubottom ¼
0:596. This suggests that the net heat flux is from the bottom
to the top wall even if the top wall temperature is sinusoidal-
ly oscillated and the net temperature difference is zero in a
time-averaged sense. This characteristic agrees with the
report by Kalabin et al. Then, let us observe the behavior
more in detail.

Fig. 3 shows a series of computed contours of (a) iso-
therms and (b) stream function contours for s = 3.2–3.6.
The time instants are every 0.05 which are marked on the
top wall temperature curve in Fig. 2(a). The top wall tem-
perature h is indicated at the top wall in Fig. 3. By watching
the change of isotherms with time for these nine time
instants, we can see following. At s = 3.2, h = 0 and the
top wall temperature starts to increase. At s = 3.3, h = 1,
the top wall is at the maximum temperature. At s = 3.4,
h = 0, temperature comes back to the average one. Dur-
ing this half cycle of the top wall temperature, the convec-
tion at s = 3.2 is suppressed and temperature
stratification is established until s = 3.45. At s = 3.5,
h = �1, the top wall temperature attains the minimum
value and the strong downward flow occurs. This strong
downward flow appears to correspond to the sharp peak
in the Nutop curve seen in Fig. 2(a). The peak in Nubottom

curve occurs at almost the same time as Nutop curve. At
s = 3.6, h = 0, the one-cycle change in the top wall temper-
ature ends.

Fig. 3(b) shows corresponding contours of stream func-
tion. Temperature rises from s = 3.2 and attains the maxi-
mum at s = 3.3. At s = 3.25 due to the heating effect from
the top wall the convection is suppressed and we can see the
weak reverse convection near the top wall. The tempera-
ture stratified weak convection area develops. At s = 3.5,
the top wall temperature becomes the minimum, h = �1
which induces the bulk area convection as seen for
s = 3.5–3.6.

In this way, the transient natural convection appears to
represent a one-cycle rotation with a cycle change in the
top wall temperature oscillation at least for the present
combination of parameters.
Fig. 3. A series of computed contours for s = 3.2–3.6 for Case 1 at Gr = 4 � 10
contours.
Fig. 4 shows the counterparts for Case 2, the top wall
temperature is kept at constant value of h = 0 and the bot-
tom wall temperature sinusoidal, h = sin fs. Otherwise the
conditions are the same.

Fig. 4(a) shows the response of the average Nusselt
number at the top wall for s = 2.4–4.0, four cycles. (b)
4, Pr = 1, f = 5p, and sp = 0.4. (a) Isothermal contours; (b) stream function
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shows that on the bottom wall. The average Nusselt num-
ber at the constant wall temperature, Nutop, takes positive
value for most of the time and takes similar shape as
Fig. 2(b). At the bottom wall, with sinusoidal wall temper-
ature, Nubottom, oscillates with time which is also similar
shape as Fig. 2(a). Fig. 4(b) shows that the peak heat flux
occurs almost at the same time as the peak in the bottom
wall temperature (dashed curve). The time-averaged Nus-
selt number, however, take the same value Nutop ¼
Nubottom ¼ 0:596. This means the time-averaged heat flux
is again from the bottom wall to the top wall even if the
bottom wall temperature oscillation gives net-zero temper-
ature difference between the top and bottom wall, same as
for Case 1.

Fig. 5(a) isothermal contours and (b) contours of stream
function are the corresponding sequential pictures at the
time instants marked on the curve of Fig. 4(b), at nine
instants. This time, with the sinusoidal change in the bot-
tom wall temperature, the development of temperature
boundary layer can be seen for s = 3.2–3.4 with the positive
temperature h = 0 ? 1 ? 0. Bulk convection is induced due
to this for s = 3.3–3.4. For s = 3.4–3.6, h = 0 ? �1 ? 0
with negative temperature in the bottom wall and low tem-
perature boundary layer develops for s = 3.4–3.6. For Case
2, the characteristics are quite similar to those for Case 1,
though the contour maps are different each other.

Soong et al. [8] reported the phase lag between the aver-
age Nusselt number and the wall temperature and the sim-
ilar occurs in Figs. 2(a) and 4(b).

Some other combinations of the Grashof number and
the frequency are tested and the general characteristics of
uni-directional heat transfer rate are similar.
Fig. 6. Transient responses of the average Nusselt numbers for Case 1 for
the computed area l/h = 4 at Gr = 1 � 105, Pr = 1, f = 10p and sp = 0.2.
(a) Nutop; (b) Nubottom.
3.2. The case of fluid layer 1:4

The main assumption for the present two-dimensional
computation for roll cell is the computational area height:-
width = 1:1. Thus another width of 4 is tested. For the case
of fluid layer 1:4, the dimensionless initial and boundary
conditions are
Fig. 5. A series of computed contours for s = 3.2–3.6 for Case 2 at Gr = 4 � 10
contours.
U ¼ V ¼ h ¼ 0 at s ¼ 0

U ¼ oV
oX
¼ 0;

oh
oX
¼ 0 at X ¼ 0; 4

Case 1 : U ¼ V ¼ h ¼ 0 at Y ¼ 0 ð11Þ
U ¼ V ¼ 0; h ¼ sin f s at Y ¼ 1

Case 2 : U ¼ V ¼ 0; h ¼ sin f s at Y ¼ 0
U ¼ V ¼ h ¼ 0 at Y ¼ 1:
4, Pr = 1, f = 5p, and sp = 0.4. (a) Isothermal contours; (b) stream function
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Fig. 6 shows for Case 1 the transient responses of the
average Nusselt number for the computed area for height:-
width = 1:4 for Gr = 105, f = 10p and Pr = 1. Again quite
similar transient responses are obtained. The time-averaged
Nusselt number is 0.844. For 1:1 fluid layer as before for
the same conditions we obtained the time-averaged Nusselt
number 0.834. Fig. 7 shows the detailed isotherms and
stream function contours. There are mostly eight roll cells
and the transient behavior appears to be quite similar to
that obtained for 1:1 fluid layer even though at different
Grashof number and frequency. These assure the previous
computations for 1:1 layer also.
3.3. Computed result for one reference system

Herein we would like to present the computational
result for natural convection in a square enclosure with
Fig. 7. A series of stream function contours (left) and isothermal contours (righ
(a) s = 3.6; (b) s = 3.625; (c) s = 3.65; (d) s = 3.675; (e) s = 3.7; (f) s = 3.725;
sinusoidal wall temperature on the left-hand vertical side
wall and a constant average temperature on the right-hand
vertical side wall. The top and bottom horizontal walls are
thermally adiabatic. This geometrical situation is the same
as the bench-mark problem. Computational parameters are
the same as the one presented in Figs. 2–5. Fig. 8(a) shows
the transient responses of the average Nusselt number on
the left-hand side wall, Nuleft and (b) the right-hand side
wall, Nuright. Nuleft is almost symmetrical in positive and
negative magnitudes. Nuright is also symmetrical in positive
and negative, though its magnitude is about half of Nuleft.
The time-averaged Nusselt numbers Nuleft and Nuright are in
the order of 10�7. Considering the peak magnitude of Nuleft

is 6 or so, these values are almost zero in net. This result
represents that the time-averaged temperature difference
in net-zero gives the net-zero heat transfer between two
opposing vertical side walls. We present this sample com-
t) for s = 3.6–3.8 for Case 1 at Gr = 1 � 105, Pr = 1, f = 10p and sp = 0.2.
(g) s = 3.75; (h) s = 3.775; (i) s = 3.8.



Fig. 8. Transient responses of the average Nusselt numbers over a vertical
side wall of sinusoidal wall temperature on the left-hand side wall at
Gr = 4 � 104, Pr = 1, f = 5p and sp = 0.4. (a) Nuleft; (b) Nuright.

Table 1
Effect of grids on the time-averaged Nusselt numbers for some cases
(Pr = 1)

f Gr Nu

31 � 31
grids

41 � 41
grids

51 � 51
grids

61 � 61
grids

3p 5 � 104 0.796 0.808 0.818 0.826
5p 1 � 105 1.054 1.061 1.074 1.083
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putation to compare with the previous horizontal fluid
layer. With using the same numerical code (with the revi-
sion for the boundary conditions only), the computation
for a shallow horizontal fluid layer gives the uni-directional
heat transfer from the bottom wall to the top wall even if
the temperature difference is zero in time-averaged sense.
This assures that the uni-directional heat transfer is not
the outcome of our computer code.

3.4. Discussion

We obtained the above numerical results but experimen-
tal approach is necessary. Mantle et al. [11] reported the
experimental heat flux with the oscillatory temperature
variation over the bottom wall with net temperature
difference all the time. The temperature oscillation does
not increase the net heat flux when the temperature
oscillation amplitude is less than 15% of the mean temper-
ature difference but gives larger heat flux when the oscilla-
tion amplitude is more than 30% of the mean difference.
Thus, actual outcome of the heat flux increase would
depend on the oscillation amplitude and the oscillation
frequency.
4. Conclusion

The two-dimensional numerical computations are car-
ried out for the transient natural convection in a horizontal
fluid layer with sinusoidal temperature difference either at
the top or bottom wall with the average temperature at
the opposing wall. The time-averaged temperature differ-
ence is zero between the top and bottom walls. The tran-
sient response in the average Nusselt number shows the
oscillating behavior. The Nusselt number on the oscillating
temperature wall gives positive and negative oscillation and
the Nusselt number on the constant average temperature
wall gives mostly positive values even if it oscillates in smal-
ler magnitudes than that on the temperature oscillating
wall. This gives always positive net heat flux from the bot-
tom wall to the top wall uni-directionally. This is due to the
bulk area convection induced near the maximum tempera-
ture difference with the top wall at the lower temperature
and the bottom wall at the higher temperature. Similar
results are obtained for two different frequencies of temper-
ature oscillation, two different Grashof numbers and two
different convection area widths. The reference computa-
tion is carried out for convection in a square cross sectional
enclosure with the left-hand vertical side wall temperature
sinusoidally oscillated and the right-hand vertical side wall
temperature at the constant average value. This last exam-
ple gives essentially net-zero magnitude of heat transfer
both for Nuleft and Nuright. This assures the above outcome
of the uni-directional heat flux is not due to our numerical
system employed herein.
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Appendix A

In the above computation, grid numbers 51 � 51 are
employed based on the following results. Table 1 shows
the time-averaged Nusselt number computed for two differ-
ent combinations of Gr and oscillation frequencies. Four
different grid numbers, 31 � 31, 41 � 41, 51 � 51 and
61 � 61 are tested. The time-averaged Nusselt number
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agrees mostly each other and we employed 51 � 51 in the
above computations for which the time-averaged Nusselt
numbers are within 1% or less than those at 61 � 61.
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